Let f : S → B be a surface fibration with fibres of genus 5. We find a linear relation between the fundamental invariants of the surface. Namely K 2 f = χ f + N where N is the number of trigonal fibres. Our proof is based on the analysis of the relative canonical algebra R(f ).
Introduction
Let f : S → B be a morphism between a smooth projective surface and a smooth projective curve over an algebraically closed field k of characteristic 0. This morphism is always flat (see [Hart] , Proposition III.9.7). For P ∈ B write F P = f * (P ) for a fibre of f . Let g = genus(F ) ≥ 2 and b = genus(B). Since char(k) = 0 Ramanujan's Lemma (see [BPV] , Proposition III 11.1) implies that h 0 (O F ) is constant. In particular we can suppose that the surface S is connected and that h 0 (O F ) = 1. A morphism with these properties is called a surface fibration. A fibration which has no −1-curves in any of its fibres is called relatively minimal. We will always assume that this is the case.
Let ω f be the relative canonical bundle given by ω S ⊗ f * ω −1 B and K f the associated divisor. By Arakelov's theorem (see [Bea] ) ω S|B is nef, that is, the intersection number K f · C is non negative for every irreducible curve C on S. Furthermore it is known that K f · C = 0 if and only if C is a −2-curve contained in a fiber.
The fundamental invariants associated to S are 1. the self-intersection K where F is a general fiber of f and e(X) denotes the topological Euler number of the space X.
The three invariants are related by Noether's Formula:
thus only two of them are independent.
In this paper we study the geography of a fibred surface with fibres of genus 5. Our main result Theorem 1.7 gives a linear relation between the fundamental invariants of the surface and the number of the trigonal fibres.
The techniques we use are based on the analysis of the relative canonical algebra of the fibration f
where
Similar ideas have been applied successfully to the study of surface fibrations of genus 2 and 3. In her PhD thesis Mendes Lopes completed the local analysis of the canonical algebra of curves of genus 2 and 3 (see [ML] ). Based on this, works of Reid ([Reid2] ), Ashikaga and Konno ([AK] ) and Catanese and Pignatelli ([CP] ) led to a proof of the following statement: Theorem 1.1 (Horikawa, Gang, Reid) Let f : S → B a surface fibration with fibres of genus 2. Then
where the Horikawa number of a genus 2 fibre germ over P
can be interpretated (roughly speaking) as the virtual number of 2-disconnected fibres of type E 1 + E 2 " (with E1, E2 elliptic curves meeting transversally in one point).
Let f : S → B a surface fibration with fibres of genus 3. Then
where the Horikawa number H(P ) is defined as
Let f : S → B a surface fibration with a certain condition on its general fibre. If there exists a rational number λ, a finite set of fibres F 1 , . . . , F n and well-defined nonnegative rational numbers Ind(F ) satisfying
Ind(F i )
we call the relation a slope equality. The fibres with positive index Ind are called the atoms of the fibration.
Remark 1.3
The essence of the slope equality is the concentration of the global invariants of the surface on these fibres. In the case of genus 2 and 3 fibrations the index Ind(F P ) is the Horikawa number H(P ), thus the atoms are the fibres with positive Horikawa number. Remark 1.6 The locus of trigonal curves has codimension 1 in the moduli space of genus 5 stable curves M 5 , while the general curve has gonality 4. 
where N is the number of the trigonal fibres.
Remark 1.8 This theorem proves a slope equality for genus 5 fibrations with maximal gonality: there is a linear relation between K 2 f and χ f with a correction term which takes into account the existence of the atoms which, in our case, are the trigonal fibres. Remark 1.9 In particular, the fibrations we are dealing with will be always relatively minimal, since the hypothesis that the fibres are 3 connected implies that K S is relatively ample (see Lemma 3.1); in particular the fibres of f do not contain −1-curves or −2-curves. Remark 1.10 We require that every fibre is 3-connected and nonhyperelliptic. This hypothesis is important for the techniques we use, because it implies the existence of the canonical embedding of every fibre. However most singular stable curves are not even 2-connected. On the other hand our fibres can have arbitrary singularities.
It would be interesting to understand what happens if we drop this assumptions, at least for stable fibrations. We expect that the study of the trigonal divisor in M 5 will lead to a generalization of Theorem 1.7.
Under the assumptions of our theorem S is a relative canonical model (it is smooth and K S is relatively ample), so [Reid1] 
and
P is a P 4 -bundle over B and fibrewise the embedding S ⊆ P restricts to the canonical embedding of the curve. S has codimension 3 in P and so the results in [BE] imply that, at least locally, the equations are in the Pfaffian form. In Section 4 we use this fact to produce examples of regular surfaces satisfying the assumptions of Theorem 1.7, for every possible value of p g ≥ 0.
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2 The relative canonical algebra of a fibration
Since F 2 = 0 for any fibre F we see that
is constant and we call this common value g.
have constant dimension, so by base change (see [Mum] , Corollary II.2), R n is a locally free sheaf. The rank of R n is given by
Definition 2.1 The relative canonical algebra is defined as
with multiplication induced by the tensor product ω
It is a finitely generated O B -algebra, generated in degree ≤ 4 (the 1-2-3 Theorem, see [K] ).
We can easily calculate χ(R n ). By the Leray spectral sequence
for any coherent sheaf F on S. Again by base change we find that
Putting these facts together we find
Using the Riemann-Roch formula for surfaces and curves, and defining
we finally compute
(10)
Fibrations of genus 5
In this section we present the proof of Theorem 1.7. The following Lemma will clarify the nature of our assumptions. 
is surjective for any n ≥ 1.
Also Petri's Theorem holds. In the case of a genus 5 divisor it says that the ideal of its canonical embedding in P 4 is defined by three quadrics if the curve is nontrigonal, and by three quadrics and two cubics if it is trigonal.
Proof: It is proved in [CFHR] that, given an effective divisor C on a smooth algebraic surface, the dualizing sheaf ω C is very ample if and only if the curve is 3-connected and not honestly hyperelliptic (which means that there is a double cover of P 1 induced by the canonical morphism). Even if the fibre is singular, the existence of the canonical embedding is enough to prove that Noether's Theorem and Petri's Theorem are still valid, for instance the proof in [ACGH] go through without change.
Consider the map φ n : Sym n (R 1 ) → R n Looking at the stalk in a point b ∈ B, the map φ n is just
. By Noether's Theorem this map of stalks is surjective, thus φ n is surjective.
We are interested the locally free sheaves K n = ker(φ n ). For each b ∈ B, the fibre K n ⊗ k(b) is the vector space of polynomials of degree n in P 4 vanishing on the curve F b :
In particular one can see that rank(K 2 ) = 3 and rank(K 3 ) = 15.
Let us consider the commutative diagram:
The map µ :
We can apply Lemma 3.1 and see that for any point b supporting a nontrigonal fibre, µ b is surjective, since the ideal I F b is generated by quadrics. In particular µ b is an isomorphism since the two vector spaces both have dimension 15 over the base field k. Conversely, over a point supporting a trigonal fibre, the cokernel of µ b is a 2 dimensional vector space. The kernel of the map of sheaves µ is trivial, while the cokernel is a skyscraper sheaf F :
The stalk of F is a two dimensional vector space on the points supporting a trigonal fibre, while it is trivial elsewhere. It is then clear that
Proof of Theorem 1.7
Taking into account the formulae (9) and (10) it is possible to calculate the Euler characteristic of Sym 2 (R 1 ) ⊗ R 1 and Sym 3 (R 1 ) using the splitting principle:
Using standard results about the Chern classes of a tensor product, one can calculate that
and if we take into account diagram (12) we can conclude that
. Consider now the exact sequence (13). By additivity of the Euler characteristic and substituting the equalities (14) and (17) we find
This is precisely the statement of our Theorem.
Examples
In this Section we exhibit examples of fibrations satisfying the assumptions of Theorem 1.7. In particular we are looking for fibrations f : S → P 1 with S smooth projective surface and a single trigonal fibre. . S has codimension 3 in P 1 × P 4 and, bearing [BE] in mind, we expect the equations of S to have Pfaffian form. By Petri's Theorem, the generic fibre is a complete intersection of three quadratic polynomials in P 4 , while for the trigonal fibres we need 2 more cubic polynomials. These must be in the ideal generated by the quadric polynomials for every other fibre.
Consider the Pfaffian equations of the following skew symmetric matrix (we are writing only the upper triangular part, since al the other entries are determined by skew-symmetry):
q 1 , q 2 , q 3 are generic quadratic homogeneous polynomials only in the x variables. For those unfamiliar with the Pfaffian notation, the Pfaffian equations of the matrix M are:
Over each (t 0 , t 1 ) = (1, 0) the two cubic polynomials c 1 and c 2 in (19) are linear combinations of the three quadric polynomials:
Over (t 0 , t 1 ) = (1, 0) we impose a trigonal fibre. But we know that a nonsingular trigonal curve of genus 5 in P 4 is the intersection of three cubic polynomials and a rational normal scroll F(1, 2) (see [Reid2] ). The equations of F(1, 2) ⊆ P 4 are rank
These equations coincide with p 1 , p 2 , p 3 when t 1 = 0. One can check that by [Reid2] the equations c 1 and c 2 cut a trigonal curve inside the scroll F(1, 2).
The only issue now is to choose q 1 , q 2 , q 3 such that S is a nonsingular surface. In order to do this we apply Bertini's Theorem over the subset (t 1 = 0) ⊂ P 1 × P 4 and conclude that the three quadric polynomials are general enough to have nonsingular intersection. Thus S is smooth away from the trigonal fibre. Then we apply Bertini's Theorem again over t 1 = 0 to conclude that the trigonal fibre is smooth for a generic triple q 1 , q 2 , q 3 . Thus for the generic triple q 1 , q 2 , q 3 S is a nonsingular surface.
In this situation the projection f : S → P 1 is a flat morphism, because it is a surjective morphism between a smooth surface and a curve. Moreover, every fibre is connected since h 0 (F, O F ) is constant and we have chosen the fibre over t 1 = 0 to be a smooth connected curve. So every fibre is a canonical genus 5 connected curve, thus we have no hyperelliptic fibres. They must be all 3 connected. In fact being 3 connected and nonhyperelliptic is equivalent to the existence of the canonical embedding, and all the fibres are canonically embedded (see [CFHR] ).
Let us compute the invariants of the surface S. For this we need the free resolution of S inside P 1 × P 4 . One can prove this is given by
Exactness can be checked on the fibres, thus one only needs to work out the free resolution of the canonical image of a nonhyperelliptic genus 5 curve. But this is straightforward both in the nontrigonal and in the trigonal case.
The dualising sheaf ω S can be computed by dualising the free resolution of O S (see [Hart] , Proposition III.7.5). We conclude that ω S = O S (0, 1) and that there is an isomorphism
In particular we see that p g = 5.
We can prove as well that the surface is regular. To prove this one considers again the resolution (20) and check that most of the cohomology groups involved vanish.
The upshot of this is that χ f = 1 + p g + 4 = 10.
It remains to compute
We can calculate the latter tensoring the resolution (20) with O(2n, n), obtaining a new exact sequence, which yields
at least for big n. We know that
n(n−1) (equation (9)), and it immediately follows that K 2 f = 41. This is exactly the thesis of Theorem 1.7.
Remark 4.2 The surface S can be seen as a complete intersection in P 4 :
Its image obviously lies in the surfacẽ
The morphism S →S is in fact an isomorphism, as it has an inverse. This can be shown by calculation for q 1 , q 2 , q 3 general enough.
Example 4.3 The previous example can be adapted to a more general ambient space, namely a normal rational scroll F(a 0 , a 1 , a 2 , a 3 , a 4 ). In particular we can easily find examples for any odd p g ≥ 5.
Let us fix F = F(a, a, 0, 0, 0) for any a ≥ 0. We can consider the Pfaffian equations of a matrix very similar to the one of the previous example:
with Pfaffian equations
3 ) p 2 = t 1 q 2 + t a+1 0 (x 0 x 4 − x 1 x 3 ) p 3 = t 1 q 1 + t a+1 0 (x 0 x 3 − x 1 x 2 ) (22) where the q i have bidegree (a, 2). Like in Example 4.1, we can find q i general enough to yield a smooth surface with one single trigonal fibre.
We can show again that the surface is regular and that ω S = O S (0, 1) and H 0 (F, O F (0, 1)) ∼ → H 0 (S, ω S ). So p g = 2a + 5.
Example 4.4 We can modify the latter example in order to obtain even p g ≥ 6. If p g is even and the surface is regular, the degree of R 1 is odd, so we look for an ambient space Proj(Sym n R 1 ) = F(a 0 , a 1 , a 2 , a 3 , a 4 ) with i a i odd. (24) where q 1 and q 2 have bidegree (0, 2) and q 3 has bidegree (−1, 2).
We can show again that the surface is regular and that ω S = O S (0, 1) and H 0 (F, O F (0, 1)) ∼ → H 0 (S, ω S ). So p g = a + 5 = 2d + 4.
Example 4.5 The only missing values for p g are 0, . . . , 4. These can be obtained by a suitable modification of the above construction.
